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Introduction
In this paper we combine ideas of Soulé [23] and Deninger [5, 6] to prove a p-adic analogue of Beilinson's conjectures for motives associated to Hecke characters of imaginary quadratic fields.
Let E be an elliptic curve defined over an imaginary quadratic field K with complex multiplication by the ring of integers of K. In [23] , Soulé proved the following theorem:
Let p be a prime which splits in K and l ≥ 0 such that p − 1 divides neither l, l +1 nor l +2. Then there exists a Z p -submodule V l ⊆ K 2l+2 (E, Z p ) and a regulator map r l : K 2l+2 (E, Z p ) → Z 2 p , such that the index of r l (V l ) in Z 2 p equals n l , where n l is the p-adic valuation of the value at s = −l of a p-adic L-series analog to L(E, s).
On the other hand let ϕ be a Hecke character of an imaginary quadratic field K of positive weight w. Then Deninger constructed a motive M in M Q (K), the category of Chow motives over K with coefficients in Q, such that the L-series of M coincides with the L-series of ϕ. The motive M arises naturally as a factor of the Grothendieck restriction R F/K (h 1 (E)) ⊗w for a CM-elliptic curve E of Shimura type over a finite extension F of K. Then he proved parts of the Beilinson conjectures for M , i.e. he related the leading coefficient of L(M, −l) to a map from H w+1 A (M, Q(l + w + 1)) = K 2l+w+1 (M ) (l+w+1) Q to Deligne cohomology. Here we combine the ideas of both papers to prove a generalization of Soulé's theorem for motives M Ω attached to Hecke characters of infinity type (a, b) and weight w = a + b > 0 in the category M Zp (K) of Chow motives over K with coefficients in Z p . More precisely, we first prove a Grothendieck-Riemann-Roch theorem for K-groups with coefficients K a (X, Z/p n ) and p big enough relative to dim X. Then we show that the functors K a (−, Z/p n ) (i) factor through M Zp , and finally we prove the following theorem: The product runs over all C p -valued characters arising from ϕ inducing p on K.
The product of the p-adic L-series is a p-adic analogue of
where runs over the grossencharacters arising from the elliptic curve.
We now give a more detailed description of the content of this paper. First we recall some facts about algebraic andétale K-theory and prove some theorems of K-theory which are well known after tensoring with Q, by just inverting a bounded number of primes (for example the existence of an Adams eigenspace decomposition or the Grothendieck-Riemann-Roch theorem).
This suffices to show that the functors K a (X, Z/p n ) (i) factor through the category of Chow motives M Zp (K), at least if p is big enough. This implies that the functors Ké t a (X, Z/p n ) (i) and H á et (X, Z/p n (i)) also factor through M Zp (K). Next we recall some properties of Hecke characters and of the extension F (E p ∞ )/K, where F (E p ∞ ) is the field generated by the p-power torsion of a CM-elliptic curve.
We construct motives M in M Zp (K) for Hecke characters of the imaginary quadratic field K of positive weight. This is done following Deninger [6] : take an elliptic curve over a field F/K with complex multiplication by K, consider the w-fold tensor product of the Grothendieck restriction R F/K h 1 (E) and decompose it by idempotents of its endomorphism algebra. Then every Hecke character of positive weight w arises in this fashion.
The quotient U/C of local units modulo elliptic units plays a vital role in the proof of the main theorem, and we have to modify some results of de Shalit [19] to the two variable situation.
We follow ideas of Soulé [23] in constructing special elements in the p-adic Kgroups K 2l+w+1 (M, Z/p n ) (w+l+1) . We then define the p-adic regulator map for p-adic K-theory, again following Soulé. We make the crucial observation that in the local situation (i.e. after tensoring our motive with K p for a prime p dividing the split prime p) the map constructing elements composed with the regulator map is an isomorphism (up to some special cases).
Finally the main theorem is proven and specialized to elliptic curves (i.e. w = 1).
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For a scheme X over k we denote byX = X × kk the base extension to the algebraic closurek of k.
For an abelian group A we denote by n A the n-torsion elements of A.
If the scheme X is regular and separated, we identify the K and K -groups of X.
The groups H a (X, F) always denoteétale cohomology groups.
1. K-groups 1.1. Higher K-groups. For a scheme X let BQP be the classifying space to the Quillen category QP of the category P of locally free O X -modules. Similarly, let BQM be the same construction applied to the category M of coherent O Xmodules. Then one defines the algebraic K-groups to be
Here the homotopy groups with coefficients are given by maps M a n → BQP(X) up to homotopy, where M a n is the Moore space mod n [4] . For a ≥ 2 the cofibration M a n − → S a ·n − → S a gives rise to the universal coefficient sequence
We define K-groups with Z p -coefficients to be
This does not agree with the usual definition K a (X) ∧ p as the homotopy groups of the p-completed K-spectrum [3, I 4], but there is an exact sequence [3] 0 → lim
Many properties of K-groups are given by properties of the spaces BQP and fibration sequences of these as given in [17] . In particular K-groups are contravariantly functorial and via the identification K a (X) = K a (X) covariantly functorial for proper maps of regular quasiprojective schemes.
A different construction of K-groups is Quillen's +-construction,
On these groups one can define a λ-algebra structure (see [14] ). The universal coefficient sequence is (by naturality of λ k ) a sequence of λ-morphisms. There are various ways to extend the +-construction from rings to schemes, see for example [22] where the above construction is sheafified for regular, noetherian schemes of finite dimension. This gives us the structure of a K 0 -λ-algebra on K a (X) and K a (X, Z/n) with locally nilpotent γ-filtration. Since Moore spaces exist only for a ≥ 2, one cannot define a λ-ring structure on K 1 (X, Z/n) via the +-construction. However, by a construction of Grayson [12] , we know that there exist Adams operators on the Q-construction which agree with the ones defined via the λ-ring structure above.
In [15] Loday constructs a cup product
For K-groups with coefficients we use the pairing BQ ∨ BQ → BQ 2 of Waldhausen [26, par. 9] and the map M a+b n → M a n ∧ M b n of Browder [4] to construct a cup product. For a ≥ 2 this agrees with Loday's product induced by the pairing of BGL + (A), see the discussion in [20, II 2.1]. The following lemma from linear algebra allows us to prove that K-theory with coefficients is the direct sum of its Adams eigenspaces under certain hypothesis: Lemma 1.1. Let M be an abelian group with descending filtration F · such that F a M = M and F b+1 M = 0 for some natural numbers a and b. Let k ∈ Z such that k and 1 − k i act invertibly on M for i = 1, . . . , b − a and let ψ k be an operator on M commuting with the filtration such that ψ k acts like k q on the q-th graded piece. Define
Then the M (q) split the filtration, i.e.
Furthermore if ψ j is an operator commuting with ψ k and acting like j q on the q-th graded piece, then ψ j acts like j
Proof: Clearly M (j) ∩ M (l) = 0 for j = l, and one sees with induction on the number of summands that the sums occurring are direct.
Let x ∈ M (q) and suppose
To show the opposite inclusion we use descending induction on q:
If j satisfies the condition on invertibility, then by symmetry the sets M defined with k and j are equal. 2
, so we clearly need some condition on k which implies p − 1 > b − a. On the other hand, if M is a Z (p) -module and p − 1 > b − a, we can take k to be a primitive root of unity mod p.
2) In the special case of Adams operators on a nilpotent γ-algebra M , we say that M has an Adams eigenspace decomposition, if M = ⊕M (q) , where M (q) is the k q -eigenspace of ψ k for some k as in the lemma. For j = k, the operator ψ j acts like j q on M (q) , but the j q -eigenspace of ψ j may be bigger than M (q) .
3) As a corollary of the proof we see that if
n . This follows because we can modify x by an element of F n+1 tox such that ψ k (x) = k nx , thusx ∈ F n and then x ∈ F n .
1.2. Etale K-theory. We list some properties ofétale K-groups Ké t a (X, Z/p n ) and its connections to K-theory with coefficients, for more details see Dwyer and Friedlander [7] .
For a noetherian scheme X of finite cohomological dimension, there exists a canonical map ρ :
According to Soulé [21, 2.3] theétale K-groups form a λ-ring and ρ is a morphism of λ-rings.
There is a fourth quadrant spectral sequence
The cup product structure on ⊕K · (X, Z/p n ) is compatible with ρ, where the product structure on ⊕Ké 
and there is an isomorphism and thus also on the s-th graded piece
Applying lemma 1.1, we see that if we chose a primitive root of unity mod p for k, the first equation follows.
The second equation follows from
2
According to Soulé [21, theorem 5] this isomorphism composed with ρ is, up to an automorphism, the same as the Chern class map for p ≥ i.
We will also need the following 
This allows us to transport structure from K-theory toétale K-theory, for example we get covariance for proper maps of quasiprojective, regular varieties. On the other hand, the induced contravariance and product structure agree with the contravariance and product structure defined by [7] , because ρ respects these structures.
1.3. The length of the γ-filtration. We want to show that K-groups with coefficients can be decomposed into the direct sum of Adams eigenspaces. For K-groups this is well known after tensoring with Q, and Soulé has given a bound for the denominators needed. The same proof, which is a version of 1.1 that uses all Adams operators ψ k at the same time, works for any λ-ring with nilpotent γ-filtration, in particular for K a with coefficients if a ≥ 2. Theorem 1.5. a) Let X be a regular noetherian scheme of dimension d. Then we have the following decompositions:
for a ≥ 2;
b) For a ≥ 2 and p > a + d we have:
Proof: Part (a) is [22, prop 5] , using [22, theorem 4 iv] . The proof depends on the following result:
The same statement remains true for K-groups with coefficients (with the same proof, see [22, théorème 1]) and we use 1.1 to prove (b), taking any primitive root of unity mod p for k. Note that in this case we only know
n ), and thus we have to invert a + d as well. 2 Corollary 1.6. For a ≥ 2 and p > a + d, the universal coefficient sequence decomposes into sequences of Adams eigenspaces
Proof: Since the sequence is a sequence of λ-rings, the Adams operators ψ i commute with the maps of the sequence. Thus the i-eigenspace is mapped to the i-eigenspace. Now since all groups in the exact sequence decompose into a direct sum of eigenspaces, the eigenspace functor is exact. 
Here is the augmentation K 0 (X) → Z and
Similarly we get for a ≥ 2 and p > d + a the map
The last equality holds true because K a (X, Z/p n ) has trivial multiplication. Let H m be the m-th Hirzebruch polynomial. It is determined by the property that for k ≥ m and the elementary symmetric functions σ i (x 1 , . . . , x k ) we have
If a prime p divides the denominator of H m , then p is less than or equal to m + 1 [13, Lemma 1.7.3], so we get a homomorphism of groups [8, par. I.4]
is an isomorphism of graded rings and coincides on the j-th Adams eigenspace with the natural map
Proof: a) Since ch is a homomorphism of λ-rings, we get for all m, j the following diagram
we know that this greatest common divisor is only divisible by primes less than or equal to d+1, which we have inverted. So ch(x) = 0 for m = j, and we see that ch respects the grading.
m−1 mc m , this proves the last claim and then the first claim follows. b) Using 1.5, the same proof works for K a (X, Z/p n ), if we use ψ k for k a primitive root of unity mod p. 
In other words, we have for every x ∈ K a (X, Z/p n ):
Proof: The proposition follows exactly as [24, cor. 1.3] . The proof there works for any K 0 -algebra with ring morphisms ψ k which are compatible with the operations of K 0 and pull backs, which is the case in our situation. For more details see [9] . 2
By the properties of the maps ch and td it is a unit with augmentation 1. We will use properties of u to prove the Grothendieck-Riemann-Roch theorem. Let us examine the behavior of u with respect to Adams operators.
Proof: If we apply ch to the equation, we see that it suffices to prove
where φ k is the map which is multiplication by k m on gr )) is injective and the class of p * N decomposes into a sum of classes of invertible modules. Observe also that since p * is a morphism of graded algebras, its image lies in
, so the following diagram commutes:
As the same diagram for td commutes as well, it is enough to prove the lemma for an invertible sheaf N . Let a = c 1 (N ) be the first Chern class of N , then we have the following formal identities:
and hence we get formally:
Proof: By the Adams-Riemann-Roch theorem we have
The Grothendieck-Riemann-Roch theorem. We prove the GrothendieckRiemann-Roch theorem for K-groups with coefficients. We follow [24] , but keep track of denominators. It will turn out that it suffices to invert enough primes so that the Chern character and the Todd character are defined on K 0 . The key observation is that the proof in [24] makes calculations in K 0 and then only uses the fact that the higher K-groups are modules under K 0 .
For a smooth scheme X the tangent sheaf T = (Ω 1 X/k ) ∨ is a locally free O Xmodule of finite rank. One defines the Todd class of X to be
Theorem 2.5. (Grothendieck-Riemann-Roch) a) Let X, Y be smooth projective schemes over k of dimension d X and d Y , respectively, and let f : X → Y be a morphism of pure codimension c. Let a ≥ 2,
and hence f induces a map
b) The following diagram commutes for large p:
Remark: 1) The proof of (a) works for
2) In (b) it suffices to take p > a + d , where d is the dimension of a space P r Y such that f factors through P r Y
3) A gap in the proof of the theorem in [9] was pointed out by J.Nekovar. Proof: Note that the Adams eigenspace decomposition of K a (X, Z/p n ) and of
As in [24] we factor f into
− → Y such that i is a closed embedding. a) Via the five lemma it is easy to conclude from the corresponding statement for K-theory that we have a canonical isomorphism
where p and q are the projections of P r Y to Y and P r respectively. If we let
. . , r, and we get
If we denote the structure morphism P r → Spec k by s, then the projection formula and base change show that
where
Consider the embedding i :
. To prove the theorem it will suffice to show that for
and from
we get by comparing the coefficient of x i :
By induction hypothesis we know that y l and hence
and the same is true without the factor k i , because we can assume k invertible. The remark after lemma 1.1 tells us that we can conclude from
Noting that i ≤ r, the theorem follows. b) We prove b) for i and p separately in two lemmas:
Lemma 2.6. The following diagram commutes for p > a + dim P r Y :
Proof: The classical Hirzebruch-Riemann-Roch theorem states that the following diagram is commutative
This can be proved as in [2, prop.10] with formal calculations, so it suffices to tensor with Z[ 1 (r+1)! ] in order for the Todd map to be defined.
, the projection formula and the base change property, we see that for y ∈ K a (Y, Z/p n ) and x ∈ K 0 (P r ) we have:
Lemma 2.7. For a closed embedding i : X → Z of smooth schemes over k and p sufficiently large, the following diagram commutes:
Proof: Let us first prove the commutativity of the diagram
For this write any given x ∈ K a (X, Z/p n ) as above as x = ux . We have to show
so it suffices to show ch(i * (ux )) = i * (ch(x )). Assume without loss of generality that x ∈ K a (X, Z/p n ) (m) for some m. Then the assertion is equivalent to the following congruence:
The first congruence follows because i * (ux ) ∈ K a (Z, Z/p n ) (d+m) and 2.1. The second congruence follows because u is a unit with augmentation 1 and the third congruence is i * applied to 2.1 again. Now the claim of the proposition falls out: For the closed immersion i : X → Z we have the exact sequence
and hence
). This concludes the proof of the Grothendieck-Riemann-Roch theorem. 2 2.4. K 0 and Chow groups. In this section we are going to prove the following theorem Theorem 2.8. Let X be a smooth quasiprojective variety of dimension d. Then we have a cycle map which is covariant, contravariant and compatible with products
Proof: Consider the Brown-Gersten-Quillen spectral sequence. According to Soulé [22, th. 4 iv] , it degenerates with split filtration at the E 2 -level after inverting (d − 1)!. We thus get
This isomorphism is contravariant and compatible with products (because the spectral sequence is), and covariant by [10, theorem 7.22] .
2
Remark: 1) The Brown-Gersten-Quillen spectral sequence comes from and induces the filtration by support on K-groups,
where M i is the full subcategory of M with objects F such that codim X (suppF) ≥ i. On the other hand there is a cycle map
for i : Z → X is the natural inclusion. Soulé in essentially proves that ψ k induces an action k p on gr
2) Note that for a cycle Z in CH p (X) the corresponding element in K 0 (X) is given by i * (O Z ). This is clear for smooth cycles by the preceding discussion, and can be reduced to this case by the localization sequence.
Chow motives and K-theory with coefficients
Let Λ be a unitary commutative ring. The category M Λ (k) of Chow motives over the field k with coefficients in Λ is obtained from the category of smooth projective varieties over k as follows, see [16] :
1. We first define the intermediate category C Λ (k): The objects of this category are h(X), for X smooth projective over k. We define
Composition is defined by intersection: For a ∈ Hom(h(X), h(Y )) and b ∈ Hom(h(Y ), h(Z)) we have
where p ij are the three projections of X × Y × Z to two of the factors.
We have a contravariant functor from the category V(k) of smooth projective varieties over k to C Λ (k), by sending X to h(X) and a map f : X → Y to its graph in CH dim Y (Y × X). 2. The next step is to add images of projectors in C Λ (k), i.e. we take the Karoubien hull of this category. The objects of the new category are pairs (X, p) with X an object in C Λ (k) and p an idempotent in Hom CΛ(k) (h(X), h(X)). The morphisms are given by
3. The idempotents e 0 = {pt} × P 1 and e 2 = P 1 × {pt} of Hom(h(P 1 ), h(P 1 )) are orthogonal with e 0 + e 2 = id. It is easy to see [16, par.6] Observe that the terms in this limit are defined and stable for n big enough [16, par.8] . We call the resulting category M Λ (k).
Remark: Let X be a variety of dimension d with a k-rational point. Via the idempotents X ×{pt} and {pt}×X in CH dim X (X ×X) it is possible to split off the parts h 0 (X) and h 2d (X) from h(X). Then h 0 (X) = h(Spec k) and h 2d (X) = L ⊗d . For a curve C this gives us the splitting
be the full subcategory of M Λ (k) generated by smooth projective varieties of dimension less than or equal to d by the steps above, i.e. we define the category C d Λ (k) to be the full subcategory of C Λ (k) with objects h(X) for X smooth projective of dimension at most d over k, take the Karoubien hull and formally invert L.
Furthermore let M Λ (k, O) be the category of Chow motives over k with coefficients in Λ and with multiplication by a ring O, i.e. the objects are pairs consisting of an object of M Λ (k) and an embedding of O into Hom MΛ(k) (X, X), and the morphisms are compatible with this action.
Zp (k) for a ≥ 2 and p > 3d + a.
Proof: According to 1.5 there is an Adams eigenspace decomposition of
in a functorial way, and for maps f : Y → X between varieties we have f * = [Γ f ] * . This follows if we have the following ingredients: 1. A functor which is contravariant and admits a product.
A map
which is covariant and contravariant functorial and compatible with products (this is the case by 2.8). 3. A push-forward map for smooth projective varieties shifting degree and satisfying the projection and base change formula (K-groups have push-forward with projection formula and base change, and the shift of degrees follows from 2.5). For a given α ∈ CH dim X (X × Y ) ⊗ Z p we define α * to be the composition
The property [Γ f ] * = f * for maps f : Y → X between varieties is checked as follows: let γ be the graph map Y → X × Y , y → (y, f (y)). For the closed embedding γ we have by the projection formula γ * γ
For the compatibility with composition, we have to check that for α ∈ CH dim X (X× Y )⊗Z p and β ∈ CH dim Y (Y ×Z)⊗Z p the maps β * •α * and (β •α) * agree. Consider the following diagram of schemes and maps:
This shows that
We have to check that we have
, where 1 lies in degree 0 and x in degree 1, and we have an isomorphism
This implies that K a (X × P 1 , Z/p n ) has an Adams eigenspace decomposition with the same denominators as K a (X, Z/p n ) and we have
Observing that the isomorphism leaves K a (X, Z/p n ) (i) fixed, we get the desired equality.
Zp (k) for p > 3d + a, and the morphism of functors
, and the morphism of functors
Proof: a) By the isomorphism 1.4
we define cycle class, push-forwards, pull-backs and products onétale K-theory, and then compatibility is obvious. b) We use proposition 1.3 and 1.4 to transport the structures from K-theory toétale cohomology. In fact, both the map ρ and the Dwyer-Friedlander spectral sequence are compatible with pull-backs and products. And for proper maps X → Y of codimension d, the push-forward in K-theory induces by 2.5 a map
Again compatibility is obvious by construction. 2
Remark: Forétale cohomology one could check the properties needed to prove the factorization directly (Bloch-Ogus axioms [1] ), but this way we avoid checking compatibilities. Of course, pull-backs and products agree with the normal pull-backs and products forétale cohomology (as ρ and the spectral sequence are contravariant functorial and respect the product), and the push-forward should agree with the usual Gysin morphism inétale cohomology.
Since the morphism of functors "reduction of coefficients" commutes with the cycle map, cup products and push-forwards, it induces a morphism of functors on M d Zp (k), and we can define
4. Hecke characters of imaginary quadratic fields 4.1. Hecke characters. Let K be a number field, f be an ideal of K and X = n σ σ ∈ Z[Hom(K,Q)] be a linear combination of embeddings. A Hecke character of K with values in a number field T of infinity type X and conductor dividing f is a group homomorphism ϕ : I f → T * from the ideal classes of K prime to f to T * such that for any principal ideal (α) with α ≡ 1 mod f, α totally positive, one has (see [18] )
where O * p are the units of K p and W f (p) are the units congruent to 1 mod f. In the adelic description a Hecke character (CM-character) is a continuous group homomorphism χ : I K → T * of the idèles of K to T * such that
By extending X to a character X A : I K → I T one defines the group homomorphism χ A := χ · X −1 A : I K /K * → I T of the idèles of K to the idèles of T . For an infinite place τ of T we get a grossencharacter τ • χ A of type A0 in the sense of Weil.
On the other hand we get for the finite places:
P be the P-component of a Hecke character for a finite place P of T . Then χ P factors through the Galois group Gal(K ab /K) and has image in O * T P .
Proof: Since T P is totally disconnected, the connected component of the idèle classes C 0 K is mapped to 1 and by class field theory
On the other hand Gal(K ab /K) is compact, so it has image in the maximal compact subgroup O * T P of T *
P . 2
Remark: 1) Consider the characters χ λ given by
for a place P dividing p of T and an embedding λ of T P into C * p . There are P|p [T P : Q p ] = [T : Q] characters of this type. We call them p-adic grossencharacters associated to χ, because they are the p-adic analogue of the [T : Q] grossencharacters arising from χ.
2) In case χ is a Hecke character of conductor f of an imaginary quadratic field K and p a prime split in K, one sees as in [19, II 1.1] that the character χ P : Gal(K ab /K) → O T P factors through the Galois group of the ray class field K(fp ∞ ).
Complex multiplication.
Let E be an elliptic curve over a number field F with complex multiplication by the ring of integers O K of an imaginary quadratic field K, see [19, II 1.3] . Suppose that E is of Shimura type, i.e. the extension F (E tors )/K is abelian, where E tors denotes the group of all torsion points of E. Let ψ : I F → K * be the CM-character of E, i.e.
gives the action of G F on the Tate module T p E for all p. The character ψ can be extended to a character ϕ : I K → T * with values in a number field T such that ψ = ϕ • N where T e = e · T is a CM field containing K, ∼ means isogenous, and A e is an abelian variety with complex multiplication by T e . Let ϕ be the CM-character of A, it is T -valued and the components ϕ e are the CM-characters of the abelian varieties A e .
It is easy to see that the characters ϕ e are the characters satisfying the condition ψ = ϕ • N F K . Ifφ is the complex conjugate character and κ is the cyclotomic character, thenφ · ϕ = κ.
Note that A = R F/K E = R FK E ∨ = A ∨ and that A ∨ also has complex multiplication by ϕ.
4.3.
The extension F (E p ∞ )/K. Choose for the rest of this paper a prime number p having the following properties:
• p is prime to the conductors of F/K and of E • p ≥ 5 Let f be the lowest common multiple of the conductors of F/K and of ϕ. We have [19, prop.1.6, 1.7]: Proposition 4.2. 1) Let g be any ideal divisible by f, then the ray class field K(g) equals F (E g ).
2) For any ideal m prime to f, Gal(
We want to describe the structure of G. By the proposition we see that
and similarly for ∆ 2 and Γ 2 .
For G we get the decomposition
The decomposition patterns of primes of F are given by the following [19, prop.1.9]: Proposition 4.3. 1) All the primes above p are totally ramified in F (E p ∞ )/F .
2) All primes not above p and not dividing f are unramified and finitely decom- Proof: By the proposition the inertia group of p in Gal(F (E p ∞ )/F ) is isomorphic to Γ 1 and p is unramified and finitely decomposed in Gal(F (Ep∞)/F ). So in Gal(F (E p ∞ )/F ) the prime p has inertia group isomorphic to Z p and residue class extension isomorphic to Z p . 2
Let us now prove some properties of the Hecke characters ψ and ϕ.
Lemma 4.5. The character ψ p : I F → K * p factors through Gal(F ∞ /F ) and the character ϕ P : I K → T * P factors through G.
gives the action of Gal(F ab /F ) on the p-power torsion points of E and thus factors through the extension Gal(F (E p ∞ )/F ). On the other hand, for any place P of T above p, the character ϕ P :
gives the action of Gal(K ab /K) on the P-power torsion points of one of the abelian varieties A e and consequently factors through Gal(K(A P ∞ )/K). By the universal property of the Weil restriction the P-torsion points of A e are defined over
By the defining property of ψ, the p-component of ψ,
gives the action on T p E. Similarly the character
gives the action on TpE for all placesP overp. Observe that κ 1 and κ 2 are trivial on Gal(F (Ep∞)/F ) and Gal(F (E p ∞ )/F ), respectively.
Consider the cyclotomic character κ : Gal(F (ζ p ∞ )/F ) → Z p * giving the action on the p-power roots of unity. Via the projection Gal(F (E p ∞ )/F ) → Gal(F (ζ p ∞ )/F ) we can consider κ as a character of Gal(F ∞ /F ). Lemma 4.6. The characters κ and κ 1 agree as characters on Gal(F (E p ∞ )/F ). Similarly the characters κ and κ 2 agree as characters on Gal(F (Ep∞)/F ).
Proof: Because of the Galois invariance of the Weil pairing,
But we just observed that κ 2 is trivial on Gal(F (E p ∞ )/F ), so the lemma follows. 2
Motives for Hecke characters of imaginary quadratic fields
In this section we construct for any Hecke character of an imaginary quadratic field K a motive in M Zp (K) such that the Galois group of K acts like the Hecke character on a certain cohomology group of the motive. We follow the exposition in [6, section 1], with some additional considerations because we are in the p-adic situation.
Recall that the Weil restriction A of E has complex multiplication by an O Kalgebra O T , and that T = O T ⊗Q decomposes into a direct sum of fields T = ⊕ e T e . To obtain a similar decomposition of O T ⊗ Z p we need the following lemma of [5, lemma 4.6.1]:
In particular for every idempotent e we get:
For p |d we thus have a decomposition E) ) be the Grothendieck restriction of h 1 (E) induced by the functor which considers a variety over F as a variety over K. It has multiplication by O T ⊗ Z p and is thus an object in
The following proposition clarifies the connection between M and A:
Lemma 5.2. Let F/K be a Galois extension with Galois group G of degree d prime to p. Then
where h k (A) has the property
Proof: The base extensions from F to K of A and the Grothendieck restriction of E can be calculated to be
a) If we extend the base field to F , then we have
where σ runs through Gal(F/K). Since the Galois group permutes the E σ , we see that the h k (A) are fixed by the Galois group. By the lemma we conclude that the decomposition descends to A/K.
b) The Grothendieck restriction is left adjoint to the base extension functor, so
Let f be the map corresponding to the canonical map E id − → E, E 0 − → E σ , and define f 1 to be the composition
We claim that f 1 is an isomorphism. We have
These two motives are isomorphic, the isomorphism being induced by f 1 . Thus there exists an inverse map g in the category M Zp (F ) of Chow motives over F . Since f 1 and the identity are Galois invariant, we conclude that g is Galois invariant as well. So by the lemma we are done.
2 
where Θ is as above, P runs through the primes of T Θ dividing p and Ω runs through the Aut(
Proof: a) We can distinguish the field components of T w by embeddings into C, and two embeddings of the same field differ by an automorphism of C.
b) The first equation follows from (a) and the second equation is proven exactly as in (a). Observe that we get a finer decomposition because we only take orbits under the decomposition group of a prime ν ofQ above p.
Let e Θ be the idempotent corresponding to the field component T Θ of T w and define the CM character
The infinity type of ϕ Θ can be determined as follows [6, 1.3.2] : Fix an embedding K →Q ⊆ C. The embedding K ⊂ T induces an embedding From the character ϕ Θ,P : I K → T * Θ,P we get the character
Notice that the P-component of ϕ Θ agrees with the e Ω -component of the w-fold tensor product of ϕ, i.e. the following diagram commutes:
where ϕ p denotes the p-component of ϕ. This shows that ϕ Ω factors through G, since ϕ p does. Now let ω be in the orbit Ω. We want to calculate the map ϕ Ω on Gal(F ∞ /F ). This is analogous to the determination of the infinity type of ϕ Θ above. If ω = (λ 1 , . . . , λ w ) ∈ Λ w p , we define
i.e. a Ω counts the λ i inducing p on O K ⊆ O T and b Ω counts the λ i inducingp.
Then from the identity e Ω · ϕ ⊗w A,p = ϕ Ω , and the fact that ϕ P and ϕP agree on Gal(F ∞ /F ) with κ 1 respectively κ 2 , one easily sees that ϕ Ω agrees on Gal(F ∞ /F ) with κ aΩ 1 κ bΩ 2 . Notice also that if Ω belongs to Θ and P, then (a
Let for the rest of the paper
We will tacitly use the following inclusion
The next proposition explains why we call M Ω the motive associated to the Hecke character ϕ Ω :
) is a free O Ω -module of rank 1, and the absolute Galois group G K of K acts on it via the character
)). By the Weil pairing this is isomorphic to
By definition of ϕ, the operation of G K on the Tate module T p A is given by
Tools from Iwasawa theory
We need to recall some facts of Iwasawa theory of imaginary quadratic fields from de Shalit [19] . However in our case we have to consider the two variable theory. So we will state the theorems in the two variable setting, as indicated in [19, III 1.14, II 4.17] .
Let f be as before the lowest common multiple of the conductors of F/K and ϕ, and let f n be fp n . This gives us the following tower of ray class fields:
be the Galois group of this extension and H = Gal(K(fp)/K) be its prime to p-part. Then H contains ∆ 1 ×∆ 2 with Gal(K(f)/K) as quotient. Furthermore we have
Let U fn be the inverse limit with respect to m of the local principal units in 
the Iwasawa algebra of G(f n ) and by Λ ∞ = lim 
Let µ(f n ) be the measure defined in [19, II 4.12] and ν(f) = lim ← µ(f n ). Then we have for χ a character of H different from the cyclotomic character:
So we get as in [19, III 1.5] that
We thus have Proposition 6.1. With the notation as before we have for χ = κ on H ν :
In the more general situation
, which gives the following diagram
We view any character of H as a character of H via the canonical map H → H. Let U be the inverse limit of the local principal units in the tower F (E p n ) and
With the notation as before we have for
Corollary 6.3. Let χ = ϕ Ω κ l and p − 1 |a + l + 1. Then we have
In particular
Proof: For the the first two isomorphisms it suffices to show that under the conditions of the corollary χ
, and this is different from κ as long as #∆ 1 = p − 1 |a + l + 1.
For the last claim we know that
The measures µ(f n ) = µ(fp n ) have the additional property that they interpolate Hecke L-series of imaginary quadratic fields:
Theorem 6.4. [19, theorem 4.14] Let f be an integral ideal of K prime to p, and
a Gauss sum G( ) defined in [19, theorem 4.14] such that the following formula in Q holds for any grossencharacter of conductor dividing fp ∞ , and of infinity type (k, j), 0 ≤ −j ≤ k:
Here L ∞,fp is the complex L-series with the Euler factors at ∞ but without the Euler factors at primes dividing fp.
Let us recall the connections between measures and power series. Let γ i be a generator of Γ i , κ i be the character of Γ i giving the action on the torsion points of the elliptic curve and u i be the image of γ i in Z p . We then have isomorphisms
mapping a measure µ to the power series
In particular we get
Now let µ be a measure in Λ(G, D) and χ be a character of H. If we denote the power series associated to the χ-component of µ by
i.e. if we write an arbitrary character of G as κ 
Special elements in K-groups with coefficients
We follow Soulé [23] for a construction of elements in K a (X, Z p ). In order that all Adams eigenspaces and K-groups for the motives involved be defined, we assume from now on that for w ≥ 1 the weight of our Hecke character of K, d the degree of the extension F/K and a fixed integer l ≥ 0, we have p > 3dw + 2l + w + 1.
Then we can define
. Let p n : X n → X n−1 be a sequence of Galois coverings of finite dimensional regular schemes with X 0 = X. Denote the reduction of coefficients from Z/p n → Z/p n−1 by n . Consider a sequence α = (α n ) of elements α n ∈ K a (X n , Z/p n ). We say the sequence α has property N if it is an element of lim
i.e. for all n we have
We say the sequence α has property R if for all n p *
If the sequence α = (α n ) has property N and the sequence β = (β n ) has property R, then the sequence α ∪ β = (α n ∪ β n ) has property N, as one sees easily with the projection formula.
Let q n be the projection X n → X. Then given a sequence α = (α n ) having property N, the sequence N (α) = (q n * (α n )) is an element in K m (X, Z p ). As we just saw we can first form the cup product with sequence(s) with property R before taking the norm to X.
Recall that F n is the field generated by the p n -torsion points of the elliptic curve E over F . Let A n be the abelian variety A × K F n ∼ = σ∈G (E σ × F F n ). By the universal property of the Weil restriction, the p n -torsion points of A are defined over F n , in fact p n A n = σ∈G p n (E σ × F F n ). We construct the following elements in the K-groups with coefficients in Z/p n :
1. From the universal coefficient sequence of K-theory we get K 1 (F n , Z/p n ) = F * n /p n . Any sequence (u n ) ∈ lim ← F * n /p n thus gives us a sequence in K 1 (F n , Z/p n ) with property N. 2. We similarly get
Here the left term vanishes because K 2 (F n ) (1) = 0 and the right term is isomorphic to the group of p n -th roots of unity µ p n . So we get K 2 (F n , Z/p n ) (1) ∼ = µ p n . An element of the Tate module (β n ) ∈ Z p (1) = lim ← µ p n then gives us a sequence in K 2 (F n , Z/p n ) (1) having property R. 3. According to Grayson [12] , there are Adams operators on ψ k which are compatible with the universal coefficient sequence. Choose k to be a primitive root of unity mod p. Let A (i) and A (i) be the largest subgroup and quotient of A such that ψ k acts like k i , respectively. Note that K a (X) (i) = K a (X) (i) .
We get an exact sequence
Via the identification
we can think of α as being induced by the structure morphism A n → F n . But this map is split by the point 0, so the sequence breaks up into two split short exact sequences, and we get a map
.
It is easy to see that an element (v n ) of lim ← p n Pic A n = H 1 (Ā, Z p (1)) gives us a sequence (α n ) with property R. We now take the exterior products of these elements:
Note that by the definition of F n , the Hochschild-Serre spectral sequence, proposition 5.3 and the Kuenneth formula we have the following equalities:
⊗w , Z/p n (w))(l + 1) =H w+1 (h 1 (A n ) ⊗w , Z/p n (l + w + 1))
The regulator map
We will construct a regulator map from K 2l+w+1 (M Ω , Z p ) (l+w+1) to a certain Galois cohomology group and show that in the local situation the maps φ n are splittings of this regulator map (modulo some special cases).
Define the following maps using the map ρ from K-theory toétale K-theory and the degeneration of the Dwyer-Friedlander spectral sequence:
⊗w , Z/p n (l + w + 1)).
Lemma 8.1. The map φ n is a splitting of ξ n , i.e. ξ n • φ n is the identity map of H 1 F n , H 1 (Ā, Z/p n (1)) ⊗w (l + 1) .
Proof: First note that all maps are compatible with Tate twists, i.e. tensoring with Z/p n (1) ∼ = H 0 (F n , Z/p n (1)) ∼ = K 2 (F n , Z/p n ) (1) , so we may assume l = 0. The rational point 0 of A n gives us a splitting of the sequence 0 − → F * n /p n − → H 1 (A n , Z/p n (1)) − → p n Pic A n − → 0.
In the previous sections we fixed an embedding λ for each factor T e,P , but as noted after the main theorem, we obtain a multiplicity f = [T Ω : Q p ] to correct this. Observe also that two different ϕ λ coming from the same T Ω differ by an automorphism σ of C p . But we have σ(ϕ λ )dµ = σ ϕ λ dµ and v p σ( ϕ λ dµ) = v p ϕ λ dµ . Thus the v Ω agree for different choices of λ and the multiplicity f Ω corresponds to the different choices of λ for a given Ω.
We see that p P vΩfΩ equals p P v Ω,λ , where v Ω,λ now runs through all p-adic grossencharacters induced by ϕ.
Theorem 10.2. Let E be an elliptic curve over F , l > 0, p > 3d + 2l + 2. Then there exists a submodule
such that the index of the regulator map R| V restricted to V equals p v , where v is the p-adic valuation of The product runs over all C p -valued characters arising from ϕ inducing p of K.
Remark: 1) The product of the p-adic L-series is a p-adic analog of
2) As in the previous section we get the following partial result: If l = 0, then the index of the regulator is greater than or equal to the p-adic valuation of the L-series. 
